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ABSTRACT
The concept of soft sets was introduced by Dmitri Molodtsov as a mathematical tool for handling uncertainty and imprecise
information, and has since been widely applied to decision-making problems involving vague or ambiguous data. In this paper,
we introduce a new class of soft sets, namely soft generalized** 4 -closed sets (briefly, Sg™*{ -closed sets) and soft

generalized** 4 -open sets (briefly, Sg™*r -open sets), in the framework of soft topological spaces. We examine the
relationships between Sg**\ -closed sets and several existing classes of soft closed sets, and establish some of their fundamental
properties. Furthermore, we propose a novel approach for representing soft sets by means of bipartite graphs, and show that
various operations on soft sets—such as union, intersection, and logical operations—can be modeled and visualized through
bipartite graph structures. And we introduce a bipartite graph representation of Sg** s -closed sets and to investigate their
associated operations within this graphical framework.

Keywords: Sg** (s -closed set, Sg**y -open set, Sg™* -closure, Sg** -interior, Sg**Y -neighborhood, S§g™ ™ —closed
bipartite graph, Sg** — closed complete bipartite graph.

I - INTRODUCTION

Soft set theory, introduced by D. Molodtsov in 1999[14], provides an effective mathematical framework for
addressing uncertainties through parameterized structures. The concept of soft topological spaces was later
established by Muhammad Shabir and Munazza Naz in 2011[11], which laid the foundation for studying topological
properties within the framework of soft sets. Subsequent developments by Naim Cagman[2] and collaborators
further enriched the theory by extending definitions and exploring structural properties of soft sets. In classical
topology, Generalized closed sets were introduced by Norman Levine in 1970[9], which motivated many researchers
to investigate various generalized forms of closed and open sets. Building upon this concept, V. Kannan defined soft
generalized closed and soft generalized open sets in soft topological spaces[8] . Earlier studies by M. K. R. S.
Veerakumar[24] examined sets lying between closed sets and generalized closed sets. Later, the notion of g*-closed
sets in topological spaces was proposed by M. Pauline Mary Helen, Veronica Vijayan, and Ponnuthai Selvarani[16].
Further extensions were introduced in the context of soft topology, where A. Devika[3] defined soft g*-closed sets.
Subsequently, A. Kalavathi and G. Sai Sundara Krishnan[ 7] introduced both soft g*-closed and soft gx-open sets in
soft topological spaces. In addition, M. A. Abd Allah and A. S. Nawar[1] investigated  "-closed sets in fuzzy
topological spaces, while more recently N. Gomathi and T. Indira[5] proposed soft gx*-closed sets. The fundamental
operations of soft sets, including union, intersection, AND-operation, and OR-operation, were formulated by P. K.
Maji[10] and co-authors, which significantly strengthened the theoretical framework of soft set theory. Parallel to
these developments, graph theory has evolved as an essential tool for modeling relationships and structures. In
2014[23], Rajesh K. Thumbakara and Boben George proposed the concept of soft graphs, extending soft set theory
to graph structures. This idea was further developed by Sumit Mohinta and T. K. Samanta[13] through the
introduction of fuzzy soft graphs, which combine the characteristics of fuzzy sets and soft sets in graph models.
Additionally, Faiz farid[4] and co-researchers proposed new approaches for representing graphs using adjacency
relations within the soft set framework. The motivation for introducing soft generalized** W-closed sets arises from
the need to generalize existing soft closed structures to better model uncertainty in parameterized systems. These
concepts can be applied in decision-making problems, data classification, and network modeling. The use of bipartite
graphs provides a visual and computational framework for representing soft topological relationships

II-PRELIMINARIES
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This section introduces essential definitions that are useful for understanding the ideas discussed in this paper and
for developing the results presented in this study.

Definition : 2.1 [2]

Let U be a universe and E be a set of parameters and let A C E. A soft set F, over U is defined as Fy = {(x, fo(x)) :
xe E} where f, : E —P(U) such that f5(x) = @ if x € A. Here the value of f5(x) may be aribitary. Some of them
may be empty some may have non-empty intersection.

Note that the set of all soft sets with the parameter set E over U will be denoted by S(U).

Definition : 2.2 [2]

Let Fp e S(U). If f5(x) = @ forall x € A then Fy is called an empty soft set, denoted by F.

Definition: 2.3 [2]

Let FpeS(U). If Fo(x) = U forall xe A thenF, is called a A-universal soft set, denoted by F3 . If A = E, then the
A-universal soft set is called universal soft set denoted by Fz.

Definition: 2.4 [2]

Let Fy , Fg € S(U). Then soft unionF, U Fg, Soft intersection F, N Fg, and soft difference Fy\Fg of Fpand Fy
are defined by respectively.fagp(x) = fa(x) U fp(x), fans(x) = fa(x) N fp(x), fip(x) = fA(X)\fg(x),and the soft
complement F¢, of F, is defined by f¢,(x) = f¢, where f¢,(x) is complement of the set f,(x), that is f5(x) =
U\fy(x) for all xeE.

Definition: 2.5 [2]

Let F, € S(U). The relative complement of F, is denoted by F', and is defined by (F)' = F,') where F'y: A -
P(U) is a mapping given by F', = U\F, for all « € A.

Definition: 2.6

Let F, € S(U). A soft topology on F, denoted by T Jisa collection of soft subsets of F, having following conditions

i Fa,F , €ET.

( ) A ¢

(ii) The union of any number of soft sets in T belongs to ©
(iii) The intersection of any two soft sets in T belongs to T

Then the pair (F,, T) is called a soft topological space.

Definition: 2.7

Let (Fu, T ) be a soft topological space, then every element of T is called a soft open sets in T.

Definition: 2.8

Let (Fa, T) be a soft topological space. A soft set F, is said to be a soft closed set, if its relative complement F',
belongs to T.

Definition: 2.9

Let (F,, T) be a soft topological space, then soft interior of soft set Fy is defined as the union of all soft open sets
contained in F,. It is denoted by int(F,).

Definition : 2.10

Let (Fp, T) be a soft topological space, then soft closure of soft set F, is defined as the intersection of all soft closed
super sets containing in Fy. It is denoted by cl(Fj,).

Definition : 2.11 [1,3,5,8,18,20]

Let (Fy, T) be a soft topological space, a soft set F, over U is called a

1) Soft semi open set if F, cl(int(?—"A)) and a semi closed set if int(cl(TA)) CFy.

2) Soft pre open set if F, C int(cl(TA)) and a pre closed set if cl(int(TA)) CF,.

3) Soft a-open set if F4 C int(cl(int(F,))) and a a-closed set if (int(cl(F,))) < F, .

4) Soft B-open set if F, < cl(int(cl(F,))) and a B-closed set if int(cl(int(F,))) C F,

5) Soft regular open set if F, = int(cl(F,)) and a regular closed set if F, = cl(int(F,))

6) Soft generalized closed (briefly soft g-closed) set if cl(F,) & Uy, whenever F, < U, and U, is soft open
in (Fy, T).

7) Soft semi generalized closed (briefly soft sg-closed) set if scl(¥,) < U,, whenever F, C U, and Uy is
soft semi open in (Fy, T)

8) Soft generalized * closed (briefly soft g*-closed) set if cl(F,) & Uy, whenever F, & U, and Uy is soft

g-open in (Fy, T).
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9) Soft a-generalized closed (briefly a soft g-closed) set if a cl(F,) < Uy, whenever Fy C U, and Uy is soft
openin (Fy, T).

10) Soft generalized**-closed (briefly soft g**-closed) set if cl(F,) < Uy, whenever F, C U, and Uy is soft
g*-open in (Fy, 7).

11) Soft i -closed (briefly soft y -closed) set if scl(F,) CU,, whenever F,C U, and U, is soft
generalized open in (Fy, T).

12) Soft a y -closed (briefly soft a y -closed) set wcl(A) c U if, whenever F, U, and U, is soft a
open in (Fy, T).

13) Soft  g-closed (briefly soft y g-closed) set wcl(A) c U if, whenever F, C U, and U, is soft open
in (Fy, T).

14) Soft  *a-closed (briefly soft i *a -closed) set ac/(A) < U if, whenever F, U, and Uy is soft
gopenin (Fy, ©).

15) Soft g* i -closed (briefly soft g* i -closed) set wcl(A) < U if, whenever F, C U, and U, is soft g-
openin (Fy, T).

16) Soft  *g*-closed (briefly soft y *g*-closed) set Wcl(A) < U if, whenever F, C U, and U, is soft
Y g-openin (Fy, T).

The relative complements of the above soft closed sets are called Soft open sets respectively.

lll - SOFT GENERALIZED**W- CLOSED SETS IN SOFT TOPOLOGICAL SPACES

In this section, we introduce the notion of soft generalized **W-closed sets and examine their relationships with the
existing classes of soft closed sets in a more comprehensive manner.

Definition:3.1

A soft set F, is called a soft generalized **W- closed (briefly Sg** - closed) set if Ycl(F,) E Uy, whenever F,
U, and Uy is soft g*- open in (F,, 7).

Example :3.2

letU={a,B,v} E = {J1,)2,Js}and A = {J1, 2} S E, Fa = {1 {a, BD, U2, {B. ¥ D}

Fa, = {Uniad)}, Fa, = {UnBD}, Faz = {Unda. 8D}, Fay = {U2ABD} , Fag = {U2,{¥D}, Fag =
{U2.AB.¥vD} s Fay; ={Un{ad), U2, {BD}, Fag = {Un{a}), U2 {¥D}, Fag ={Un{a}), U2 {B,¥D}, Fayo =
{Un 8D, U2, ABDY, Fayy = {00 B, U2 {¥yD}, Fayy = {UnABD, U2, B, ¥D}, Fayz = {UnAa. 8D, U2, {BD} ,
Farg =00 {a, B, U2 ¥} Fars=Fa Fate = T¢ . Soft open sets (D =
{TA,T¢ vFay Fag Fagy Fary Faqals Soft closed sets B ={F,F vFag Fag Fay Fay Fayul-Then (Fy, 1) isa
soft topological space , and S§g**y - closed sets= { Fy, F

4

¢:TA1:TA4:TA5' TAGJTAwTAg'TAg}'

Theorem: 3.3
(i) Every soft closed set is also a Sg** - closed set.
(ii) Every soft g**- closed set is also a Sg**1 - closed set.
Proof:
(i) Let F, be a soft closed set in and U, be a soft g*-open in (Fy, T) such that F, < U,. We know that “Every soft
closed set is soft Y - closed set”. = cl(F,) SYcl(Fy) = Ycl(Fy) = F, Uy = Yel(Fy) S Uy and Uy is soft
g*-opensetin (Fy, 7). Hence Fy is g™y - closed set.

(ii) The result can be established using arguments similar to those used in the proof of part (i). Hence, the
proof is omitted for brevity.

The converse of the above theorems does not hold in general, as demonstrated by the following
counterexample.
Example: 3.4
(i) Consider the Example 3.2, U={ &, B,y}, E = {/1,)z,J3} and A = {J1, .} S E, Fa = {(1.{a, B}), U2, {B, ¥})}. Soft
open sets (T) = {TA,}"(/) v Fay Faz Fayy Fagg Fagalr Soft closed sets ¢ =
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{FuF ;1 FagFag FapFayrFa,)- Then (Fy, T) is a soft topological space , and §g™* - closed sets=

2
{TA'T¢vTA1'TA4vTA5' TA6vTA7vTA8'TA9}- Consider Fug = {(1,{a}), U2, {¥yD}and Fu, = {(2{r}}are

8¢ - closed sets but not soft closed sets.

(ii) Let U={a, B,v,6}, E = {1, )2, Js}and A = {J1,J2} S E. Fa = {Ur.{a, B}, U2 {6D}, Fa, = {U1. {aD},
Fay ={UnA{BD}, Fay = {UrAa. BD}, Fay = {Un{a}), U2, {8D}, Fas = {01, {BD, U2 {6}, Fag = {U2, {61},
Fay = Fy,Fpg = T¢ . Soft open sets () = {TA,T¢,TA5,TAZ}, Soft closed sets ()¢ = {FarFo, FayyFayl-
Then (Fy, ) is a soft topological space. g™ - closed sets= {TA,Tgp v Fay Faz FayFag }-Here Fy o = {(ez, {61}
is Sg™Y - closed set but not soft generalized**-closed set.
Theorem: 3.5
Every soft a - closed setis alsoa Sg** - closed set.
Proof:
Let F, be a soft a- closed set in and U, be a soft g*-open in (Fy, 7) such that F, C U,. We know that “Every soft a-
closed set is soft i - closed set”. = acl(F,) S Pcl(Fy) = Ycl(Fy) = Fo Uy = Yel(Fy) < Uy and Uy is soft
g*-open setin (Fy, 7). Hence Fy is Sg™y - closed set.

The converse of the above theorems does not hold in general, as demonstrated by the following
counterexample
Example: 3.6
Consider the example 3.4 (ii) Let U={a,5,v,6}, E={1.)2,/s}and A ={]J;,J.} S E.F,y = {1, {a, B}), U, {6} .
Soft open sets () = {Fu,F ,,,Fas Fa,}, Soft closed sets ()¢ = {Fy, Fp, Fa,, Fa,}. Then (F4,©) is a soft

2
topological space. Sg™yY - closed sets = {TA.T¢ v Fap Fag FapFag} - soft a -closed sets =
{TA,T(p v Fay Fay Fag 3 Here Fpy = {(J, {a, B})} is Sg™"1 - closed set but it is not soft a-closed set.
Theorem: 3.7
Every soft i - closed set is alsoa Sg**Y - closed set.
Proof:

Let F, be a soft Y - closed set in and Uy be a soft g*-open in (Fy, T) such that F, < U,. We know that “Every soft
closed set is soft Y - closed set”. = cl(F,) S Ycl(F,) and “Every soft g-open set is soft g*-open set =
Ycl(Fy) = Fo Uy = Yel(Fy) Uy and Uy is soft g*-open setin (Fy, 7). Hence Fy is Sg* Y - closed set.

The converse of the above theorems does not hold in general, as demonstrated by the following
counterexample
Example: 3.8
Consider the example 3.4 (ii) Let U={a,B,v,6}, E ={1.)2,/s}and A ={J;,J.} CE.F, = {1, {a, B}), U, {6} .
Soft open sets () = {Fu,F ,,,Fac, Fa,}, Soft closed sets ()¢ = {Fy, Fp, Fa,, Fa,}. Then (Fy,©) is a soft

@
topological space. Sg*i - closed sets = {TA,T¢ vFayp Fag FapFag} - soft P -closed sets =
{TA,T(p v Fay Fay Fag 3 Here Fyy = {(eq, {a, f})} is Sg™1 - closed set but it is not soft i)-closed set.
Theorem: 3.9
Every soft semi generalized closed set is alsoa Sg** - closed set
Proof:

Let F, be a soft i - closed set in and U, be a soft g*-open in (F,, ¥) such that F, < U,. We know that “Every soft
semi open set is soft g*- open set”. = cl(F,) SYcl(F,) = Ycl(Fy) =F, Uy = Yel(F) Uy and Uy is
soft g*-open setin (F,, ©). Hence F, is §g¢™ - closed set.

The converse of the above theorems does not hold in general, as demonstrated by the following
counterexample
Example 3.10
Consider the example 3.4 (ii). Let U={a,B,v,8}, E ={1.)2,Js}and A ={J,,} S E. F, = {(J,{a, B}), U2, {56} .
Soft open sets (7) = {TA,T(/),TAS,TAZ}, Soft closed sets (¥)¢ = { Fa Fp, Fayy Fa,}. Then (Fy, ) is a soft
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topological space. Sg** - closed sets= {TA,T(p,TAl,TAyTM,TAG}. soft semi generalized-closed sets =

{TA,T(D v Fay Fay Fag 3 Here Fy = {(eg, {a, B})} is Sg™¢ - closed set but it is not soft semi generalized closed
set.
Remark: 3.11

l. Soft generalized semi-closed sets and Sg**y are mutually interdependent.
I. Soft 1 generalized-closed sets and Sg**y are mutually interdependent.
M. Soft g* -closed sets and Sg**1) are mutually interdependent.
IV.  soft W@ -closed sets and Sg**i) are mutually interdependent.
The mutual interdependence of the aforementioned sets is substantiated by the following example.

Example: 3.12
» Consider the Example 3.4 (ii). Here soft generalized semi closed sets and Sg** -closed sets are

{TA'T¢'TA1'TA3'TA4'TA6 }

> LetU = {a,ﬁ,)/, 5}1 E= Ul!]Z ']3} and A = {]2']3 }gE, :FA = {(]2,{a}), U3!{:81y})};
Fay ={UzAaD}, Fa, ={U2{a}). Us, 8D} Fay ={U2{aD), Us,{¥rD},  Fa, = Fa
Fas ={U3{BD} Fag ={Us, {¥D} Fa, = {Us B YD} Fag = T(D . Soft open sets () = {TA!F(D v Fagr Fazl

Soft closed sets ()¢ = {F,, F »Fay Fas}. Then (Fy, ) is a soft topological space. Sg**1 -closed sets = soft g-

@
closed sets = soft g* 1-closed sets = soft l//é -closed sets = { Fy, F @ v Fay Faz Fagl

Figure-1 The diagram depicts the implication structure connecting the existing classes of soft closed sets with the
newly proposed class of g1 -closed sets.

Theorem: 3.13

If F, is Sg™*y -closed set in (F,, T) and F, C G4 S Pcl(F,) then G, is Sg™ P -closed set.

Proof:

Suppose that F, is Sg**y -closed set in (F,, T) and Fy G, S Ycl(F,). Let G4, < Uy and Uy is soft g*-open set in
(Fy,©). Since F4C Gy and G, U, = F, U, . Hence Ycl(F,) < (Uy) [Since Fy is Sg™ Y -closed]. = G4
CYcl(Fy). = G4 U, and Uy is soft g*-open set in (Fy, 7). Therefore G, is Sg™ -closed set.

Theorem: 3.14

The finite intersection of Sg** -closed sets is also a Sg**1 -closed set.

Proof:
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Suppose that F, and G, are two arbitrary Sg** -closed sets . Let F, N G, < U, is soft g*-open set. = F, C U,
and G, < Uy. We know that Uy is soft g*-open set in (Fy, T) and F, and G, are Sg™ - closed sets = Ycl(Fy) C
U, and Ycl(G,) C U,. Therefore Ycl{(F,4 N G4)} = Ycl(Fy) Npcl(G,) € Uy. The following example illustrates
the above result.

Example: 3.15

Consider the example 3.2, Let U={ &, B,¥}, E = {J1,]> . Js}and A = { J1,/2} T E, Fa = {1, {. B}, U2, {B, YD}
Soft open sets () = {TA.T¢ ,TAZ,TA3,TA11,TA12,TA14}, Soft closed sets (f)c =

{FaF ) FagFag Fag Fay Fa,and Sg™ Y - closed sets= { Fu, F ), Fays Fay Fas TA6,TA7,TA8,SL‘A9}. Fas N

%4
Fay =Fuys Fag NFpg =Fpy, FagNFag=Fy
Theorem: 3.16

If a set Fy is Sg™* 1 -closed set in (Fy, T) if and only if ycl(F4)\(F,) contains only null soft closed set.

Proof:

Suppose that F, is Sg ™ -closed set in (Fy, T) . Let G4 be soft closed set and G, S Ycl(F4)\(F,). Since G, is soft
closed and its relative complement G’ is soft open. Now G, CYcl(FO\(Fy) = Ga < Ycl(Fy) and G4 & Fy. =
GaCYcl(Fy) and G4, F'y. Hence F, = G'4. Consequently Ycl(Fy) =G 4. [Since Fyis Sg™ P ~closed set].

Therefore G, CYcl(F'). =6, =vcdFE)NEFD)=0.=G,=0" Therefore Ycl(F,)\(F,) contains only
null soft closed set.

Conversely, Ycl(F,)\(F,) contains only null soft closed set.

Since Ycl(FO\(F,) = 0. = Ycl(F,) = Fy = Fy is soft closed set. We know that every soft closed set is Sg™ -
closed set . Therefore F, is Sg™*y - closed set.

Theorem: 3.17

A Sg™ - closed set F, is soft closed if and only if Ycl(F4)\(F,) is soft closed.

Proof:

If F, is soft closed. — cl(F,) = F,. Therefore Ycl(F,)\(F4) = @ and is soft closed set. Conversely, Suppose that
Yl (FO\(F,) is soft closed, Now by theorem 3.9, If a set F, is Sg** -closed set in (F,,©) if and only if
WYl (FH)\(F,) contains only null soft closed set. Therefore F, is soft closed.

»

8"

IV — SOFT GENERALIZED**W- OPEN SETS IN SOFT TOPOLOGICAL SPACES

In this section, we introduce the concepts of soft generalized **W-open sets and soft generalized **W-
neighborhoods, and investigate their fundamental properties.

Definition: 4.1

A soft set F, is called a soft generalized** 1 - open (briefly S¢**1 -open)set in a soft topological space (F,, ), if the
relative complement F', is soft g** 1 -closed set in (F4, T).

Equivalently, A soft set F, is Sg™*, if Uy C int(F,) whenever U, & F, and Uy is soft g*-closed set.

Example: 4.2

Consider the example 3.2, U={ a, 5, v}, E = {J1,]>,Js}and A = {J, L} € E, Fy = {(J1, {a, B}), U2, {B, ¥})} Soft
open sets (f) = {TA’Tgo vFay FazFaqy TA12'TA14}' Soft closed sets ()¢ =

{TA,T(p v Fag Fag FayFayFayul- Then (Fy, T) is a soft topological space , and Sg™*1) — open sets=

{Fa ¥ 'TAZ'TA3'TA5' TA10'TA11' ?Alz’?A13’TA14}'

4
Theorem: 4.3

Each soft open set is also a Sg** - open set

Proof:

Let Fa be a soft open set in (F,, T) and let U, be a soft g*-closed set in (F,, T) such that F, C U,. Since F, is soft
open set , int(F,) = F,. = int(F,) = F, < Uy and since “Every soft open set is soft Y -open set”. Therefore
int(F) Cyint(Fy) CUy . — Yint(F) U, and Uy is soft g*- closed set in (Fy, 7). Hence Fy is soft g**- open
set.

The converse of the above theorem need not be valid, which can be seen from the following example.
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Remark: 4.4
Consider the example 3.2, U={ o, f,v}, E = {J1.J2,J3}and A = {J, L} S E, F4 = {(1, {a, B}), U2, {B,v})}. Soft
opensets (T) = {Fu,F ), Fap Faz Faqgy Fagy Fagyals Soft closed sets (B ={F,F v Fag Fag Fay Fay Fayl-

@ @
Then ) is a soft topological space , and Sg™ Y —open sets =
{TA,T¢,TA2,TA3,TA5, FarorFary Fagp Fagz Fag,}- Here Fag, Fuyo,Fa,, are g7 - open sets but not soft
open sets.
Theorem: 4.5

If F4 is Sg™ -open set in (F,, T) and Yint(Fy) S G4 S Fy, then G4 is Sg™ P - open set.

Proof:

Suppose that F, is soft Sg**i -open setin (F,, T) and Yint(Fy) S G4 S Fy. Let Hy < G4 and H, is soft g*-closed
set in (Fy, ©). Since G4, = F, and H, = G4, we have H, C Fy. Since Fais Sg™ 1P - open. = H, CYint(F,) » also

since Yint(Fa) S Ga = #, < pint(F,) Cpint(G,)

= 3, Cint(G,)  Therefore G4is Sg™" -open set.

Theorem: 4.6

The arbitrary union of S§g**y -open sets is also a Sg "1 -open set.

Proof:

Suppose that F, and G4 are Sg** -open sets . Let Uy © F, U G4 and U, is soft g*-closed set in (F,, ). Since Uy
FiUGy, > Uy, Fyand Uy < Gy We know that Uy is soft g*-closed setin (Fy, T) and F, and G, are soft g**-open
sets — y, cyint(F,) and U, CPint(G,)- Therefore U, S Yint(F,) U Yint(Gy).

Definition: 4.7

Let (F,, ©) be a soft topological space, Fy C F, and € Fy . If there exists a Sg**y - open set F such that a € F,
C Fgthen ais called a Sg™*y - interior point of F and the soft union of all S¢** -interior points of Fy is denoted
by Sg™y — int(Fp) .

Definition: 4.8

Let A (Fy4, T) be a soft topological space, Fy C F, and a € Fy. If there exists a soft Sg"" - open set F such that
a € Fo C Fp then Fp is called a Sg** -neighbourhood of a. Set of all Sg**y -neighbourhoods of a is denoted by
N(a), is called family of g™y - neighbourhoods of a that is N'(a) ={Fg: Fo €T} and a € F- CFpy. In
particular, V(a) = {F; € T: @ € F¢}.

Example: 4.9

Let U={a,B,y,6}, E={1J2,Js} and A={J,)} S E. Fo = {(n{ax, B}), U2, {0})}, Fa, = {(er,{a})}, Fa, =
{(er, {BD}, Fyy = {(er, {a, B}, Fay = {(er, {a}), (e2, {6}, Fag = {(er, {BD), (e2, {61}, Frg = {(e2, {6}, Fp, =
Fp, Fug = T(D . Soft open sets (f) = {TA,T(D,TAS,TAZ}, Soft closed sets ()¢ = { Fa Fo, Fayy Fa,}- Then

(F,,T) is a soft topological space. g™y - closed sets= { F,,F
(FuF o FarFas)

Let (i) a; = {(es,{a})}. Then Sg** -neighbourhoods N(a;) = {F,}and Sg"*1 open neighbourhoods V(a;) =
{Fa}-

(i) ay = {(es, {b})}. Then Sg**y neighbourhoods N(a,) = {Fa, Fasz Fas} and Sg™ P open neighbourhoods
V(@) = {Fa}. 3 )

(iii) a3 = {(eq, {a, b})}. Then Sg**¢ neighbourhoods N(a3) = {F,} and §g**y open neighbourhoods V(a3) =
{Fa}.

(iv) ay = {(e1,{a}), (e2,{d})}. Then Sg**y neighbourhoods N(a,) = {F,} and Sg**1) open neighbourhoods
V(@) = (Fa} 3

(v) as = {(e1,{b}), (e2,{d})}. Then Sg™y neighbourhoods N(as) = {F,} and Sg**y open neighbourhoods
V(as) = (Fa} - )

(vi) g = {(e2,{d})}. Then g™ neighbourhoods N(ag) = {Fs, Fas}and Sg"" ) open neighbourhoods V(as) =
{TA' TAs}'

Remark : 4.10

@ v Fa1 Faz Fay Fag } and Sg™ 1 - open sets=
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A Sg™ 1 - neighbourhood generally need not be g™y -open set. It is proved by the given example below.

By examp|e(4.9), Let Uz{al ﬁr Y, 5}1 E = {]1']2 !]3} and A= {]1!]2} gE TA = {(]1’ {a’ ﬁ})’ UZ’ {5})}1 SOft
opensets (f) = {TA.T¢ s Fas, Fay} Soft closed sets () ={F,, Fg,Fay, Fa,}- Then (Fy, T) is a soft topological

space. $g""Y - closed sets= { Fu, F ), Fays Faz Fay Fag } and Sg™ Y - open sets= { Fy, F ), Fu,, Fag }- Consider

® ®»
the Sg™"1 - neighbourhoods of F,, are N(a) = {Fj, Fa,, Fa}. Here F,, is nota §g™y - open set.

a = F,, = {(e1,{b})}. Then soft g**-neighbourhoods N(a) = {F4, Fa,, Fa } but it is not a soft g**-open set
because F, is not a soft g**-open set.

Theorem: 4.11

Each soft neighbourhood is also a S§g**y -neighbourhood

Proof:

Let a be a soft neighbourhood of a soft set Fy € (F,, T), then there exists a soft open set F such that = a € F,
C Fp . As we know that Every soft open set is Sg**1) -open set such that ¢ € F; & Fp. Hence a is Sg™* Y -
neighbourhood of F,.

V-REPRESENTATION OF Sg**1 - CLOSED SETS IN SOFT TOPOLOGY AND THEIR
OPERATIONS USING BIPARTITE GRAPHS

In this section, we present a representation of soft Sg**i)-closed sets using a bipartite graph and discuss the
operations on soft Sg**1 - closed sets.

Definition : 5.1[4]

Every soft set can be graphically represented with the help of bipartite graph by taking partite sets A and X where A
is the subset of parameter set and X is the universe.

Example 5.2[4]

X={ X1, X2, X3, Xa, Xs, X6, X7}, E={ E1, E2, E3, Es, Es}, A={ E1, E2, Es}< E

Fy ={( E1,{ X1, Xa, Xs}), (E2,{ X2, X3, Xe}), (E3,{ X3, X6})}

Figure 2. Soft set represented by bipartite graph”

Definition 5.3

Every Sg** 1 -closed set can be graphically represented with the help of bipartite graph by taking partite sets A and
X where A is the subset of parameter set and X is the universe.

Example 5.4

letU={a,B,v}L E = {1J2./3}and A = {]1,.} S E, Fa = {(r.{a. B}, U2, {B, YD}

Fay = {UudaD}, Fa, = {Un BN} Faz = {Un . BN} Fay = {U2ABD}, Fag = {U2{yD} Fap =
{U2AB YD}, Fay = {00 AaD), U2 ABD} Fag = {Un{ad), Uz {¥y D} Fag = {Ur. {aD), U2 {B, YD}, Fayo =
{Uu B, U2 ABD} Fayy = (U0 {BD, U2, {¥D} Fayy = {UnABD, U2, {B, YD} Fayz = (U {a. B, U2, {BD},
Fary = WA B, U2, {¥D} Fags = Far Fage = F p - Soft open sets (7) =
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FarF (5 Fay Fag Fagy Fagy Faqs)s Soft closed sets ¢ = {TA’Tgo v Fagr Fag Fay Fayy Fayl-Then (Fy,T)isa

%4
soft topological space , and Sg**y - closed sets= { F4, F @ yFayr Fay Fas TA6,TA7,TA8,TA9}.

Figure 3. Sg™" closed-set represented by bipartite graph”

“Property 5.5
The union of any two §g™ -closed sets admits a representation in terms of a bipartite graph.
Consider the example 5.4 Here §g**1 -closed sets are {TA:T¢ v Fay FayFas TA6,TA7,TA8,TA9}. Here, we

represent certain Sg** unions of the §g**y -closed sets.
Fay UF4,= {01 {a}), U2, {BD} = Fa4, is also a Sg™" 1) -closed set.
Fay UFug = {Un{a}), Uz, (B, ¥D}=Faqis alsoa Sg™1p -closed set.
Fay UFug ={Ur,{a}), U2, {B, ¥Y}}=Fayisalsoa §g™1 -closed set.

U:FAS :FAQ TA7UTA9=TA9

Figure 4. Union of Sg**y -closed set by bipartite graph

Property 5.6
Finite intersection of any two §g**y -closed sets admits a representation in terms of a bipartite graph. Consider the
above example 5.4 and we represent certain Sg**y intersections of the Sg** -closed sets.

Fa, N Fag = {Up{a}), U, {BD} = Fy,isalsoa Sg™ P closed set.
Fag N Fag ={U1,{a}), U2, {¥})} = Fugis also a Sg™"1 closed set.

. . TAgﬂTAngAg
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Figure 5. Intersection of Sg**1 -closed sets by bipartite graph”

Property 5.7
The union operation involving two distinct Sg**1 -closed sets can be illustrated as follows.

Let U=V={ a,B,y,6} , E={1)z.Js} and A={J1,Jol}SE and B={J,5}CE . Fu=
{Uu{a, B, U2{6D} ,  Fp={Uz{a}), U {8V} Sg”yp - closed sets  of (Fu®) =
{TA.T¢ v Fa1 Fagy FayFag ) S¢7 - closed sets of (Fp, T) ={ TB’Tgo Fey Fra Fpgl

Fal Fo=(FaF gy, Fay Fay Fay Fag Fo.Foy Foo Fig).

Where Fy = {1 {a, B}, U2, {6}, Fay = {Un{aD}, Fay = {Un{a, BN}, Fa, = (U1 {a}), U2.{6D)},
Fag ={02,A6D}, Fp = {Uz{a}), U5, {8, YD} Fpy = {2 {a}}, Fpy ={UzAa]), Us, v}, Fpe =
D)
= TAU TB={(]1, {a' ﬁ})’ (]2! {6})}v {UZ! {a}), UB! {ﬁ' y})}' {US! {y})}} can be drawn by blpartlte graph

Figure 6. Union of two Sg ™" -closed set by bipartite graph”

Property 5.8
The restricted union operation involving two distinct Sg**1 -closed sets can be illustrated as follows from the above
property 5.7

FalUrFs={({a, 6D} {Us {B,¥})} can be represented by bipartite graph as shown below

Figure 7. Restricted union of two Sg**1 -closed set by bipartite graph

Property 5.9
The extended intersection operation involving two distinct Sg**1 -closed sets can be illustrated as follows from the

above property 5.7
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= Fa() & Fs ={U, {a, B}), U, 6D}, Fz = {U {a}), U3, {B,¥})}} can be represented by bipartite graph as
shown below

Figure 8. Extended Intersection of two §g**1 -closed set by bipartite graph”

Property 5.10
AND - operation involving two distinct Sg**1) -closed sets can be illustrated as follows from the above property 5.7

FaNFe= TA/\{TB'TB]_':FBy:FBé} ={(Up,J2){a})}
Fa, A{?B'TBl'TBg'TBG} ={(UpJ2){a})}
Faq /\{TB’TBl'TBg'TBG} = {(Uv ) e}
Fa, A{TB'TBl'T33'TB6} = {(UpJ2){a})}
Fag A{TB'T31'TB3'T36} = {Tgo }

= Fu4N Fe={U,J){ab}

Ji

o

Figure 9. AND - Operation of two §g** -closed set by bipartite graph”

Property 5.11
OR - operation involving two distinct Sg**1 -closed sets can be illustrated as follows from the above property 5.7

FuV Fs

= Fav { TB,Tgl,TB3,TB6} = {(Un)2){a, B, (U2,13),{B,v, 61D} (U] a, B, U2, {61},

{((]1,]2){(1, ﬁ})' ((]2']3)' {y' 6})}1 {((]1,]3){61(, ﬁ’ y})! (12: {6})}}

Fa, V{Fs Fry Frop Fag) = {Un 1) @), (J){B. YD} (U ) aD} (U ) ed), U3 (U )a){ayDi
TA3 V{TB'TBlﬂTByTBﬁ} = {Uv2){a, B, (U){B,vD} {((]1']2){‘1:3})}' {(UvJ){a, B, U3), {r}h

{(Un, ) a, By DI

Fa, vV { TB'TBltTByTBG} = {Un ) a}), (U213), {8, v, 6D} {Uw ) {ad), (U2), {61},

{Uv ) ad), (U2, J3) v, DL AU J) a v, U2, {63

Fag VA Fo Foy Frp Fre) = 1 U ) @, 63), U)B,v, 831 AU e, DY AU e, 63), (J3), (¥},

{((]2']3)! {y! 8})}}
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Figure 10. OR - Operation of two Sg"*{ -closed set by bipartite graph

VI-CONCLUSION

This paper introduces the concept of soft generalized**W-closed sets in soft topological spaces and provides a
systematic study of their structural properties. In contrast to existing approaches, the proposed class offers a
meaningful generalization that extends several known types of soft closed sets, thereby enriching the framework of
generalized soft topology. The relationships established between soft W\PsiW-closed, soft gxgA*g*-closed, and soft
generalized** W\PsiW-closed sets demonstrate that the new class is non-trivial and exhibits distinct behavior,
supported by illustrative examples and counterexamples.The investigation also includes the study of corresponding
soft generalized** W-open sets and their fundamental properties. Furthermore, the incorporation of bipartite graph
representations provides a structured and visual interpretation of these concepts, enhancing both theoretical
understanding and potential computational implementation.The results obtained in this work go beyond elementary
properties and contribute to the deeper development of soft topological structures. The proposed framework opens
several directions for future research, including the study of continuous mappings, compactness, and separation
axioms in the context of soft generalized** W\PsiW-closed sets. In addition, these concepts have potential
applications in decision-making models, data analysis, and network-based systems where uncertainty and
parameterization play a significant role.Further extensions of this work may include the exploration of these ideas
in fuzzy, intuitionistic fuzzy, and nano topological settings, as well as the development of computational and graph-
theoretic techniques for practical applications. Thus, the present study provides a foundation for both theoretical
advancement and applied research in soft topology.
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