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Abstract:
Let G = (V,E) be a simple graph of order n. A dominating set D is a total outer- connected dominating set of G if D is total
dominating and the induced subgraph G[V(G) — D] is a connected graph. Let D.c(C,,i) be the family of total outer-
connected dominating sets of a cycle graph C,, with cardinality i and let D;.(C,,1) = |ﬁtc(Cn, i)|. In this paper we construct
D;c(Cy, i) and obtain exact formula and recursive formulae for dy(C,, 1). Using these formulae, we construct the polynomial
Dc(Cp %) = le(szlCn) dc(Cy, D!, which we call the total outer- connected domination polynomial and obtain some
properties of this polynomial.
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1. INTRODUCTION

By a graph G = (V, E), we mean a finite undirected graph with neither loops nor multiple edges The order |V]|
and the size |E| of G are denoted by n and m respectively. For any vertex v € V(G), the open neighbourhood
of visthe set Ng(v) =u € V(G)/uv € E(G) and the closed neighbourhood of v is the set Ng[v] = N(v) U v.
ForasetS € V, the open niehgbourhood of S is N(S) =U,¢s N(v) and the closed neighbourhood of Sis N[S] =
N(S) U S.
A dominating set of Gis a set D € V(G) such that Ng[V] N D # @, fiorallv € V(G). The domination number of
G is the minimum cardinality of a dominating set of G and it is denoted by y(G). Similarly, a total dominating set
of GisasetD S V(G) such that foreachv € V(G), Ng(v) N D # @ . The total domination number y;(G) of G
is the minimum cardinality of a total dominating set of G.
Around 1960, domination was first explored mathematically. In the late 1950s and early 1960s, graph
domination was further investigated when Claude Berge established the 'Coefficient if external stability’ in 1958,
which is commonly referred to as a graph’s domination number. The terms ‘Dominating Sets and Domination
number’ was first used by Oyestin Ore in 1962. Cockayne and Hedetniemi were initially employed y(G) to
determine the domination number of graph G. Dominating sets and domination polynomials of graphs were
initially proposed by Saeid Alikhani and Yee hock Peng in 2009. The concept total dominating set was first
introduced by Cockyane, Dawes and Hadetniemi in 1980. The concept of connected domination was first
introduced by Sampath Kumar and Walikar in 1979. Joanna Cyman introduced the introduced the concept
total outer- connected domination [7] and further explored in [8] together with Joanna Raczek. B. S.
panda and Arti Pandey contributed NP Completeness in total outer connected domination [19]. Some
bounds and generalization of total outer- connected domination was obtained by Nader Jafari Rad and
Lut Volkmann [17]. In [9] Farshad Kazemnejad Behnaz Pahlavsay, Elisa palezzato and Michel Torielli
obtained some results in total outer- connected domination number of middle graphs.
The total outer- connected domination parameter combines the coverage requirement of total domination with
the connectivity condition imposed on the vertices outside the dominating set. This parameter is particularly
relevant in the modelling of reliable communication and monitoring networks, where every vertex must be
monitored while the unmonitored vertices maintain connectivity.
In recent years, total outer- connected domination has attracted considerable attention due to its rich
mathematical properties and its connections with other domination parameters. The determination of total
outer- connected domination numbers for various graph families, together with the establishment of sharp
bounds and the investigation of associated domination polynomials, continues to be an active area of research.
In this paper, we investigate the total outer- connected dominating sets of cycle graph C, and derive the
corresponding results of total outer- connected domination polynomial of cycle graph C,,.

202

Adolescencia e Saude, vol. 21, No.Ss, p. 202-211


mailto:lalgipson@yahoo.com
mailto:gracelingoldy99@gmail.com2%20

Definition 1.1: T e S
A cycle is a closed trial in which the vertices are all distinct. C,, denotes a cycle on fi“ve_rtices. : :
Definition 1.2:
A set S C V is a dominating set of G, if every vertex in V — S is adjacent to at least one vertex in S. The
domination number y(G) of G is the minimum cardinality of dominating set.

Definition 1.3: [7]

Let G be a simple connected graph. A set D € V(G) is a total outer- connected dominating set of G if D
is total dominating and the induced subgraph G[V(G) — D] is a connected graph. The total outer-
connected domination number of G, denoted by ¥..(G), is the minimum cardinality of total outer-
connected dominating set of G.

Definition 1.4:

Let G be a simple connected graph. Let D (G, i) denote a family of all outer- connected dominating sets
of G with cardinality i and let D..(G,i) = |5tC(G,i)|. Then the total outer- connected domination

polynomial D.(G,x) of G is defined as D (G,i) = 21‘2’;‘2'@ dee (G, i) x! , where ¥,.(G) is the total outer-
connected domination number of G.

2. TOTAL OUTER- CONNECTED DOMINATING SETS OF CYCLE C,,.

The graph C,, called the Cycle graph of order n, consists of a sequence of n distinct vertices uy, u,, ..., u, in which
each vertex u; is adjacenttouj,; forl < i < n — 1 andu, is adjacent to ul there by forming a closed cycle.
We shall investigate dominating sets of cycle graph. We need the following lemmas to prove our main results in
this section.

Lemma 2.1:
Consider a graph C,, of order n. Thus, total outer- connected domination number
n, ifn=1,2
v(Ch) =3 n—1,ifn=3

n—2,ifn=>4
Lemma 2.2: Consider a graph C,, of order n and the collection of all total outer- connected dominating set of C,,
is denoted as D (Cy, i). Thus,
() D (Cy, i) = @ ifand only if i < §c(Cy) ori > |V(Cy)].
(i) Dyc(Cp, 1) # @ if and only if ,(Cy) < i < [V(Cy)|.
Proof:
Consideri = n — 2, by the definition of total outer- connected domination number and lemma.2.1, there is a
minimum of one total outer- connected dominating set in D.(C,,1) denote S. Evidently, D,.(C,,1) # @.
Assume,i = n — landi < n,thus there exists a minimum of one vertexu € V — S.Add utoS. Since, every
super set of a total outer- connected dominating set is also a total outer- connected dominating set, S U {u} is
a total outer- connected dominating set having cardinalityi = n — 1. Consequently, ﬁtC(Cn, i)+ 0.
In this way, we can prove that, D;¢(Cy, i) # @ is equivalent to ¥,¢(C,) < i < |V (Cy)|.
When, i < ¥,(Cy,), thus there is no total outer- connected dominating set in D..(C,,i). Consequently,
D,.(C,, 1) = @ is equivalenttoi < ¥(Cy). Also, Di.(C,,,1) = @ foralli > [V (Cp)|.
Thus, Dyc(Cp,1) = @ is equivalenttoi < ¥,.(Cp) ori > |V (C,)].
Lemma 2.3: Consider a graph C, of order n. Foralln > 4,
(i) ¥ Dy(Cpoq,i—1) # @ and Dy (C,_3,i — 1) = @ thus D(Cp_p,i— 1) = @.
(ii) If D¢c(Cp_q,i — 1) # @ and Dy (Cy_3,i — 1) = @ then Dy (Cp_p,i— 1) # 0.
(iii) f D¢e(Cp_q,i— 1) # @ and D (Cps, i — 1) # @ thus Dy (Cp_p,i— 1) # 0.
Proof:
(i) As, D¢c(Cp_q,i — 1) # @ using lemma. 2.2 (ii), we obtain
n—-3<i—-1<n-1
=2i—1>n-2 Y
As, D;c(Cp_3,i — 1) = @, using lemma. 2.2 (i), we obtain
i—-1<n-50ri—-1>n-3
=>i—1<n- 4 2)
Using equations (1) and (2),i — 1 > n — 2ori — 1 < n — 4, based on lemma. 2.2 (i), we obtain
ﬁtc(cn—zri -1=0.
(i) As, Dy (Cy_q,i — 1) # @ using lemma. 4.2.2 (ii), we obtain
n—-3<i—-1<n-1
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sn-4<i-1<n-2
As, Dy (C,_3,i — 1) = @., using lemma. 4.2.2 (ii), we obtain g
i—1<n->50ri—1>n — 3(skip this case) Y

Based on lemma. 2.2 (ii), we obtain D;.(C,_,, i — 1) = 0.
(iii) As, Dy (C,_1,i — 1) # @ using lemma. 2.2 (ii), we obtain
n—3<i—-—1<n — 1((skipthiscase)
As, D;(Cp_3,i — 1) # @, using lemma. 2.2 (ii), we obtain
n—-5<i-1<n-3
>n—-4<i—-—1<n-2.
Based on lemma. 2.2 (ii), we obtain D,.(Cy_,, i — 1) # ©.
Lemma 2.4: Consider a graph C,, of order n. Assume that, D,.(C,,, i) # @, thus
(i) D4c(Cpy,i— 1) # @, Do(Cpp,i — 1) # @ and Dy (C,_3,i — 1) # @ equivalently,
i=n-—2.
(ii) Dpc(Cp_1,i— 1) # @, D c(Cpp,i — 1) # @ and Dy (C,_3,i — 1) = @ equivalently,
i=n-1
(iii) Dye(Cpo1,i = 1) # @, D1c(Cp_z i — 1) = @ and Dy (Cp_3,i — 1) = @ equivalently,
i = n
Proof:
(D) (=) As, Dy (Cy_yq,i — 1) # @ using lemma 2.2(ii), we obtain
mM-1D)-2<i-1<n-1
>n—-3<i—-1<n-1
>n—-2<i<n
>i=2n-2
(&) As, D,.(C,_3,i — 1) # @using lemma 2.2(ii), we obtain
mM—-3)—-2<i-1<n-3
>n-5<i—-1<n-3
>n—-4<i<n-2
>i<n-2
Using equations (3) and (4), we obtaini = n — 2.

(3)

4

(&) Assumethati = n — 2, meansi — 1 < n — 3, using lemma. 2.2 (ii), D;(3,i — 1) # @. Analogously,

Dec(Cp_y,i—1) # @ and Dy (Cy_p, i — 1) # @. Thus,
gtc(cn—lri -1 =?tc(cn—1'n -3)#0
th(Cn—Z'i - 1)= th(cn—Z:n —-3)#0
D (Cps, i: 1)=D¢c(Cro3,n—3) # 0.
(i) (=) As, Do (Cp_p, i — 1) # @ using lemma 2.2(ii), we obtain
n—-4<i-1<n-2
>n—-3<is<n-1
>i<n-1
As, D(Cp_3,i — 1) = @ using lemma 2.2(i), we obtain
i — 1< n— 5(skipthiscase)ori — 1 >n — 3
>i>n-—2
>i=z2n-1
Using equations (5) and (6), we obtaini = n — 1.
(&) Assume, i =n — 1, meansi — 1 >
Analogously, Dy (Cp_q,i—1) # @.As, i — 1
gtc(cn—l'i -1 =?tc(cn—1'n —2)#0
th(Cn—z'i - 1= th(cn—Zrn —2)#0
Dyc(Cps, i _ 1)=Dtc(Cp3,n—2) = 0.
(iii) (=) As, D¢ (Cp_q, i — 1) # @ using lemma 2.2 (ii), we obtain
n—-3<i-1<n-1
>n-—-2<i<n
=>i<n
As, D(Cp_p,i — 1) = @ using lemma 2.2 (i), we obtain
i — 1< n— 4(skipthiscase)ori — 1 >n — 2
>i>n-1
>i=>n

)

(6)

n — 2, we obtain D(C,_p,i — 1) # @ using lemma. 2.2(ii).
< n — 3, using lemma. 4.2.2(i), Dy.(Cy_3,i — 1) = @. Thus,

@)

®)
204

Adolescencia e Saude, vol. 21, No.9s, p. 202-211



Using equations (7) and (8), we obtaini = n. B
(&) Assume, i = n, means i — 1 > n — 2, we obtain D,.(C,_,,i 1) 125 usmg Iemma 422 (D).
Analogously, Dyc(Cp_3,i—1) = @.As,i — 1 = n — 1, using lemma. 2.2 (ii), Dy (Cp— ol 1) # (@. Thus,
Dtc(Cn 1'l -D= Dtc(Cn pn—1)#0 h
Dtc(Cn 11 - 1= Dtc(Cn 2N n—1)=
Dtc(Cn bl - 1= Dtc(Cn 3N n-1)=09
The theorem stated below characterizes the families of total outer-connected dominating sets of C,,.
Theorem 2.5: Foreveryn € Nand i > n — 2,
(i) When, D, (C,,— 1,i —1)# @, D, (C,- 2,i —1)=0@and D,.(C,_3,i — 1) = @, thus D, (C,, )= {[n]}ifi =
(i) When, Dy (Cp—y,i — 1) # @, Dy (Cpp_p,i — 1) #= @ and Dy (Cp_3,i — 1) = @, thus
515 (C ,i) — {{Xl U {un}/Xl € Dtc(Cn 1» 1)} }
o {X2 U {un_1}/X; € D (Cpyy i — 1}
ifi = n— 1.
(iii) When, Dy (Cp_1,i — 1) # @, D;c(Cp_p,i — 1) # @ and D,.(C,_3,i — 1) # @, thus
{u,_1}, if X, terminates in u,_, ,
Dy (Cyi) = { ! {{un}, if X, terminates in u,_; and un—l} /X1 € Dee(Cpoyyi = 1)} U
{Xz U {un—»}/Xs € Dyc(Cpos, i — 1)}
ifi=n—2.
Proof:
Consider a graph C, of order n.
(D) As, Dpe(Cpr,i—1) # @, Dee(Cpp,i—1) = @ and Dy (Cp_3,i — 1) = @ using lemma. 2.4 (i), we obtain
I =n SO, Dtc(Cn' l) - Dtc(Cn:n) - {[n]}
(ii) As, 5t'c(Cn—l'i - 1) * @, 5i:c(Cn—Z' [ 1) # @ and Dtc(Cn 3' 1) -

Case: 1:

Consider, X; be a total outer- connected dominating set of C,,_; having cardinality i — 1. The
components of D,.(C,,_1,i — 1) terminates in u,_; or U,_,.
Sub Case: 1:

Whenu,,_; € X1andu,_, € X, thus the components of D,.(C,_;,i — 1) is a component of
D,.(C,, i) through the addition of u,,.
Case: 2:

Consider X, be a total outer- connected dominating set of C,,_, having cardinality i — 1. The
components of D,.(C,,, i) terminates in u,,_,.
Sub Case:1:

When, u,_, € X,, the components of D;.(C,_,,i — 1) are a component of D,.(C,,i) through the
addition of u,,_;.

Thu ) {{Xl u {un}/Xl € Dtc(Cn 11 1)} U} € ﬁtc(cn; i).

{X, U {un_1}/X; € D (Coysi — D}
Likewise, assume that Z € D,.(C,, i), every component of D,.(C,, i) terminates in u,,_; or u,.

Case:1:

Whenu,_; € Zandu, €& Z,thusa minimum of one vertex is numbered as u,_,.
Sub Case:1:

Assume, u,_, € Z.Thus,Z = X, U {u,_,} forsome, X, € D;.(Cp_p,i—1).
Case:2:

Whenu, € Zandu,_; & Z,thusa minimum of one vertex is numbered as u,_, or u,_;.
Sub Case:1:

Assume, U,_, € Z,uy,_3 & Z.Thus,Z = X; U {u,]} for some, X; € D;.(Cp_1,i — 1).
Sub Case:2:

Assume, U,_, € Z,u,_, & Z.Thus,Z =X, U {u,} for some, X; € D;.(C,_1,i — 1).

Thus, ﬁtC(Cn, i) € {{Xl U fun}/Xy € Eti(cn_l'i _ 1)} U}.

{Xz U {uy_1}/X; € Dec(Crp, i 1)}
{Xl U {u}/X; € Dpe(Cpoy)i 1)} U}

{Xz Uf{u,_1}/X; € Dtc(Cn 21 1)}
(iii) As, Do (Cpq,i — 1) # @, Dy (Cp_p,i — 1) # @ and D, (Cppz, i — 1) # .

Thus, it follows that, D,.(C,,, i) = {
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Case:1: S—
Consider X; be a total outer- connected dominating set of C,,_; having ca\r\dhj»ality i — 1.The
components of D,.(C,,_,i — 1) terminates with u,_;, u,_, and u,_s.
Sub Case:1: :
Whenu,_; € X, up_, & X; and u,_; & X; thus the components of D.(C,_;,i — 1) is a
component of D,.(C,, i) through the addition of u,,.
Sub Case:2:
Whenu,_, € X;, up_qy & X; and u,_; & X; thus the components of D.(C,_;,i — 1) is a
component of D,.(C,, i) through the addition of u,,_;.
Case:2:
Consider, X, be a total outer- connected dominating set of C,,_; having cardinality i — 1. The
components of D,.(C,,_3,i — 1) terminates with u,,_5.
Sub Case:1:
When u,,_; € X,, thus the components of D,.(C,_3,i — 1)is a component of D,.(C,, i) through the
addition of u,,_,.
{u,_1}, if X, terminates in u,_, ~ ,
Thus, { ! {{un}, if X, terminates inu,,_; and un_l} /%1 € Die(Cpy P = 1)} v
{X, U {un—2}/X; € D (Cpsyi — 1}
Likewise, assume that Z € D,.(C,, i), every component of D,.(C,, i) terminates with u,,_,, u,_; and u,,.
Case:1:
Whenu,_, € Z,u,_4 € Z andu, €& Z, thusa minimum of one vertex is numbered as u,,_3.
Sub case:1:
Assume, u,_; € Z.Thus,Z = X, U {u,_,} forsome, X, € D,.(Cph_s,i —1).
Case:2:
Whenu,_, € Z,u,_, &€ Zandu, €& Z, thusa minimum of one vertex is numbered as u,,_,.
Sub Case:1:
Assume, u,_, € Z.Thus,Z = X; U {u,_;} forsome, X; € Dy (Cy_1,i —1).
Case:3:
Whenu, € Z,u,_, € Zandu,_, & Z, thusa minimum of one vertex is numbered as u,,_; and

= 5tc(Cn: i)

Up_q.
Sub Case:1:

Assume, u,_3; € Zandu,_; & Z.Thus,Z = X; U {u,} forsome, X; € D;.(C,_y,i — 1).
Sub Case:2:

Assume, u,_, € Zandu,_; & Z.Thus,Z = X; U {u,} forsome, X; € Dy.(C,_y,i — 1).

{un_1}, if X, terminates in u,_, } ~ , }
~ U , . , X, €EDi(Cp_q,i—1)¢ U
Thus, D,.(C,, 1) S { 1 {{un}, if X, terminates in u,_; and u,_, /%1 € Dee(Cny i = 1)
{X2 U {un—2}/X; € Dyc(Cpos, i = D}
Thus, it follows that,
U, 1} if X, terminates in u,,_ ~ .
- , {Xl { { o b if t . n2 }/X1 € D, (Cp_y,i — 1)} U
D (Cp i) = {u,}, if X; terminates in u,,_; and u,_,

{Xz U {ty—2}/X5 € Do (Cpsyi — 1)}

3. TOTAL OUTER- CONNECTED DOMINATION POLYNOMIAL OF CYCLE GRAPH
C,.
Inrtlhis section we introduce and investigate the total outer- connected domination polynomial of cycle graph
Cy.
Theorem 3.1: Foreveryn = 5,

i dee(Cpi—1)+1ifi=n—1n-2

dic(Cy i) = dee(Coeyyi—Dorlifi=n

0 otherwise

Proof:

(D) Wheni=n—1, D;e(Cp_y,i—1) # @, De(Cpp,i—1) # @ and Dy (C,_3,i — 1) = @, using lemma. 2.5
(i), we obtain
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{Xl U {un}/xl € 5tc(Cn—lii - i)}u} e
{Xz U {up-1}/X2 € Dye(Cyozyi — 1)} \

= |~5tc(CnJ 9] = | ﬁtc(cn—lii -Dl+ | D‘l.“c(Cn—Z'i -l K
= dee(Cr ) = dee(Cuop i =D +1. _
Wheni=n—2,D;((Cp_y,i —1) # @, Dic(Cpyp,i— 1) # @ and D, .(C,_3,i — 1) # @, using lemma. 2.5
(iii), we obtain

D’1.“C(Cnv )= {

N

{u,_1}, if X, terminates in u,_, } ~ . }
D,.(C, D) = {X1 v {{un}, if X, terminates in u,_; and u,_, /%1 € Dec(Cny i = Dy U
N 9 {XE U {un—»}/X5 € Dyc(Cpos,i — 1)}
= | Dtc(Cn: l)l = | Dtc(cn—lri - 1)' ~+ | Dtc(Cn—3:i - 1)'
_ :~ dtc(Cn' ") = dtc(Cn—lxi — 1) +1
(i) When i =n, Dy(e(Cpq, i — 1) # @, Do (Cppp, i — 1) # @ and D,.(C,,_3,i — 1) = @, using lemma. 2.5 (i),
we obtain
_ Dtc(cn' ") f {[Tl]}
~ ~ =>~| Dec(Cpy D] = | Dpe(Cryq, i — 1)
= de(Cp 1) = dtc(Cn—lii —1Dordy(Cpi) =1
) dpe(Cri—1) +1ifi=n—1n—-2
Thus, d;c(Cp, 1) = dpe(Cpoyi—Dorlifi=n
0 otherwise

i1l 2 3 4 5 6 7 8 9 10 11 12 13 14

1 1

2 0 1

3 0 3 1

4 0 4 4 1

5 0 0 5 5 1

6 0 0 0 6 6 1

7 0 0 0 0 7 7 1

8 0 0 0 0 0 8 8 1

9 0 0 0 0 0 0 9 9 1

10 | O 0 0 0 0 0 0 10 10 1

11 |0 0 0 0 0 0 0 0 11 11 1

12 |0 0 0 0 0 0 0 0 0 12 12 1

13 |0 0 0 0 0 0 0 0 0 0 13 13 1

14 |0 0 0 0 0 0 0 0 0 0 0 14 14 1

15 |0 0 0 0 0 0 0 0 0 0 0 0 15 15 1
Table 1: d,.(C,, i), the number of total outer- connected dominating sets of C,, having cardinality i.
Theorem 3.2: For all n > 4, D;(Cpx) = xDp(Cror,x) + x™2 + x™ 1 with initial values
Dec(C,x) = x, Do (Cy, x) = x2, Do (C3,x) = 3x2 + x5.
Proof:

Using definition. 3.1, we obtain

n
5tc(Cw x) = Z dNtc(Cn: i)xi
~ _ i=n-2 B
=d (Cpyn—2)x""%+d,.(Cpyn — Dx™ 1 + d,.(Cp,m)x™
= [dec(Cporn = 3) + 1]x™ 2 + [de o (Cpogom — 2) + 1]x™ ! + [dy (Cpogyn — D™
= x[dp(Cpog,m = 3)x™ 2 + A (Coog,t — 2)X™ 2] + dye(Cpogn — D™+ x™72 4+ x71
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- le =n- Zdtc(cn 1,i - 1)xi_1 + xn_z + x"_l P — [

=xDee(Chog,x) + x™2 + x"Ln >4 g
Theorem 3.3: The total outer- connected domination ponnomlaI of cycle graph C, |s X + nx"2{x + 1}, for
alln > 4, with initial values D,.(Cy, x) = x, D;c(Cy,x) = x%, D,c(C5,x) = 3x? + x3
Proof:

Consider a graph C,, of order n. Consider, V (C,) = {uy,u,,...,u,}, the vertices of C,,. There is no
total outer- connected dominating sets of cardinalities less thann — 3.
Case:1:

There are n total outer- connected dominating sets of cardinality n — 2. This is the minimum total
outer- connected dominating set. This implies that, d,.(C,,n — 2) = n.
Case:2:

There is n total outer- connected dominating sets of cardinality n — 1. This implies that,
d,(Cpymn—1) =n.
Case:3:

There are only one total outer- connected dominating sets of cardinality n. This implies that,
dic(Cpmn) = 1.

Thus, the minimum cardinality of total outer- connected dominating set of cycle C,, is 7,.(C,) = n —
2. Consequently,

n
Etc(cn' .X') = Z dtc(Cnt i)xl
i=n-2
=nx"?% + nx" 1 +x"
= x"+nx" 2 {x+1},n=> 4.
Remark 3.4. The co-efficient sum of the total outer- connected domination polynomial of cycle graph C,, is
2n + 1,foralln = 4.
Theorem 3.5. The co-efficient of D,.(C,,, x), satisfy the following properties.
(i) di(Cpom) = 1,foralln € N.
(ii) die(Cpy,m) = n + 1,foralln > 2
(iii) Dye(Cpypsm) = n + 2,foralln > 2.
(iv) dee(Copi1,2n) = 2n + 1,foralln € N.
(V) dee(Copiz,2n+1) = 2n + 2,foralln € N.
i) dye(Cpiymi — 2) = dpe(Cpyyni—1) = ni,foralln € Nandi > 4.
(vii) die(Cpiy1,mi—1) = ni + 1,foralln € Nandi > 3.
(viii) Y2 dtC(Cn, D=3 d(Cpi—1)+ Y2 1d.(Cpm), foralli > 3.
(ix) Sy = Y™, dec(Cp, l) thus, foralln = 5,5, =S5,_1 +5; + S,, having initial values S; = 1,§, = 1,
S;s=4,5,=09.
Proof:
Consider a graph C,, of order n. Consider, V (C,) = {uy,uy,...,uy}.
() As, d;(Cp, ) = {[n]}, consequently, d..(C,,n) =1,foralln € N.
(ii) To demonstrate, d,.(C,.1,n) =n+ 1,foralln > 2. The proof proceeds by mathematical induction on n.
For,n = 2,
From Table: d,.(C,.1,2) = d..(C5,2) = 3.
FromFormula:n + 1 = 2 + 1 = 3.
It follows that, for n = 2, the obtained result is valid. we further establish the validity of the result for n.
Suppose, inductively, that the result is valid for every m < n,m € N. Using inductive assumption and
theorem. 3.1,
dec(Cpyr,m) = dtc(C(n—1)+1:n - 1) +1
=n-14+1+1
=n+ 1.
Consequently, dy.(Cpyp,m) =n+1,foralln > 2.
(iii) To demonstrate d;.(Cp42,m) = n + 2, for all n 2 2. The proof proceeds by mathematical induction on n.
For,n = 2,
From Table: d,.(C,15,2) = d;.(C,,2) = 4.
FromFormula:n + 2 = 2 + 2 = 4.
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It follows that for n = 2, the obtained result is valid. we further establish the vé"lidity of the result for n. Suppose,

inductively, that the result is valid for every m< n, m € N. Using inductive assumptibn_gnd theorem. 3.1,
6.it,“c(Cn+2'n) = 6.it,“c(C(n—1)+2tn - 1) +1 .
=n-14+2+1
=n+ 1.
Consequently, d;.(Cp2,n) =n+2,foralln > 2.
(iv) To demonstrate, dy.(Cyns1,2n) = 2n+ 1, foralln € N. The proof proceeds by mathematical induction
onn.For,n = 1,
From Table: &tc(C2(1)+1: 2(1)) =d,.(C5,2) = 3.
FromFormula:2n + 1 =2(1)+1=2 + 1 = 3.
It follows that for n = 1, the obtained result is valid. we further establish the validity of the result for n.
Suppose, inductively, that the result is valid for every m < n,m € N. Using inductive assumption and
theorem. 3.1,
dic(Cons1,2n) = &tc(C(Zn—1)+1' 2n— 1) +1
=2n-1+1+1
=2n + 1.
Consequently, d;.(Cyp41,2n) = 2n + 1,foralln € N.
(v) To demonstrate, d;.(Cyp42,2n+1) =2n+2, for all n € N. The proof proceeds by mathematical
inductiononn. For,n = 1,
From Table: d;.(Cy(1)42,2(1) + 1) =d;(Co42,2 +1) = dpe(C,h, 3) = 4.
From Formula: 2(1) + 2 = 2 + 2 = 4.
It follows that for n = 1, the obtained result is valid. we further establish the validity of the result for n.
Suppose, inductively, that the result is valid for every m < n,m € N. Using inductive assumption and
theorem. 3.1,
dec(Consz, 20+ 1) = dee(Cian-1+2, @n— 1) + 1) + 1
=2n—-1+2+1
= 2n + 2.
Consequently, dic(Conyz,2n+1) = 2n + 2,foralln € N.
(vi) To demonstrate, &tC(Cm-, ni—2) =ni,foralln € N and i = 4. The proof proceeds by mathematical
inductiononn. For,n = landi = 4,
From Table: d;.(Cy1), 4(1) — 2) = dy(Ch 4 —2) = dpe(Cy,2) = 3.
From Formula: ni = 4(1) = 4.
It follows that forn = 1 andi = 4, the obtained result is valid. We further establish the validity of the result
for n. Suppose, inductively, that the result is valid for everym < n,m € Nandj < i,j € N.Usinginductive
assumption and theorem. 3.1,
dtc(Cni'ni ~ 2) = dtc(Cni—lt (ni - 2) - 1) +1
= dpc(Cpicpy (ni—1) —=2) + 1
=ni—-1+1
= ni.
Consequently, d;.(C,;,ni —2) = ni,foralln € Nandi > 4.
Likewise, it can be proved that, d,.(C,;,ni — 1) = ni, foralln € Nandi > 4.
It follows that, d,.(Cp;,ni — 2) = ni = dy(Cp;,ni —1) = ni, foralln € Nandi > 4.
(vii) To demonstrate, d..(Cpis;,ni—1)=ni+1, for all n € N and i > 3. The proof proceeds by
mathematical inductiononn. For,n = landi = 3,
From Table: d;.(C3(1y41,3(1) = 1) =d(C341,3 — 1) = d(C,,2) = 4.
FromFormula:ni+1 = 3(1)+1 =4.
It follows that forn = 1 andi = 3, the obtained result is valid. We further establish the validity of the result
for n. Suppose, inductively, that the result is valid for everym < n,m € Nandj < i,j € N. Usinginductive
assumption and theorem. 3.1,
dtc(cni+1'n - 1) = dtc(c(ni+1)—1: (ni - 1) - 1) +1
= dtc(C(ni—1)+1' (ni — 1) -1D+1
=ni—-1+1+1
=ni + 1.
Consequently, dy.(Cpis1,mi —1) =ni +1,foralln € Nandi > 3.
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(viii) To demonstrate, Y2 d,.(Cp, 1) = ¥4 d,(Cpi— 1) + Y2 1d,:,:(Cn,n) forall-i 2 3. The proof ___ug

proceeds by induction on i. Initially, consider i = 3. We obtain
3+2 3+1 o

Zdtc(cn,s) = Z die(C3 = 1) +Zdu(cn,n)

From Table: Y5 _. d,.(C,, 3) =d,..(C33) + dtC(C4, 3) +d.(Cs,3) = 1 +4+5=10.

Erom Formula: Y2, d(Cp 2) + Y31 dec(Cron) = dic(Cy,2) + dic(C3,2) + d (€4, 2) + dee (G, 1) +
die(C,2) = 1434+4+1+ 1 = 10.

It follows that, for i = 3, the obtained result is valid. we further establish the validity of the result for i = k.
Suppose, inductively, that the result is valid for every j < i,j € N. Using inductive assumption and theorem.

3.1,
k+2 k+2

Z 6.il,“C(Cnl k) = Z d~tC(Cn—1!k - 1) + 1
n=k n=k

k+1

= Z di(Cpop, k—2)+1
n=k-1
k+1

- Z dCrk—1+1+1

=k—
k+1

= D deelCk - 1)+de(cn.n)

n=k-1
Consequently, Y.4+2 dtC(Cn, =Y d,.(Chi—1)+ Zn=1 dtC(Cn, n),foralli > 3

(ix) We have, S, = Y™ _,d.(Cp, l). Using theorem 3.1, we obtain

Z dtc(Cn 1' 1) +1

Consequently, S, = Y™, _,d..(Cpn, i) thus, for aII n=5,85,=8,_.1+S5 + S, having initial values S; =
1,5, =1,5,=4,5,=9.

CONCLUSION

This paper discusses and analyses the total outer- connected dominating sets and total outer- connected

domination polynomial of cycle graph. Using the recursive formula and exact formula we constructed the
V(I

i=¥¢c(Cn)
C,, and obtain some properties of this polynomial.

polynomial D, (C,,i) = Y. d..(C,, 1) x*, which we call total outer- connected domination polynomial of
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